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Abstract
We construct the explicit one–loop functional of chiral perturbation
theory for two light flavours, including virtual photons. We stick to con-
tributions where 1 or 2 mesons and at most one photon are running in the
loops. With the explicit functional at hand, the evaluation of the relevant
Green functions boils down to performing traces over the flavour matrices.
For illustration, we work out the pi+pi− → pi0pi0 scattering amplitude at
threshold at order p4, e2p2.
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1 Introduction
The low–energy structure of QCD may be investigated in the context of chiral
perturbation theory [1, 2, 3]. In Refs. [2, 3] Gasser and Leutwyler constructed
the generating functional of SU(Nf ) × SU(Nf ) for Nf = 2, 3 to order p
4. An
explicit representation of this functional, including graphs with up to two prop-
agators and at most four external pion fields1, was also given. For the first two
flavours u and d, this construction was extended recently to include graphs with
three propagators [4].
In the case of QCD including electromagnetic interactions, the initial theory de-
pends on the strong coupling constant g, the fine structure constant α ≃ 1/137
and the light quark masses. The corresponding effective theory was formulated
in Refs. [5, 6, 7, 8]. It is based on a systematic expansion, which combines the
chiral power counting scheme with the expansion in powers of the electromag-
netic coupling e. Within this framework, virtual photon effects were calculated
for a number of processes. In the two–flavour case, electromagnetic corrections
to the π − π scattering amplitude [7, 8, 9] as well as to the vector and scalar
form factors [10] have been evaluated at next-to-leading order. Further, pionic
beta decay and radiative τ decay have been analyzed [11, 12] in a generalized
framework including leptons and virtual photons [13]. Virtual photons have also
been included in the three–flavour case [14, 15, 16, 17, 18].
The purpose of the present article is to include virtual photons in the explicit
generating functional at one–loop [2]. The advantage of having the explicit
functional at hand is evident: The calculation of S-matrix elements boils down
to performing traces over flavour matrices - the combinatorics has already been
carried out and all quantities are expressed in terms of ultraviolet finite integrals.
In the following, we stick to the two–flavour case. The extension to three flavours
will be considered elsewhere [19].
The article is organized as follows: In the first part (Sects. 2, 3), we construct
the generating functional for SU(2)R × SU(2)L × U(1)V to O(p
4, e2p2) in the
low–energy expansion. This allows us to calculate Green functions to next-to-
leading order in a simultaneous expansion in powers of the external momenta,
of the quark masses and of the electromagnetic coupling. In order to extract
form factors or scattering amplitudes from our explicit representation of the
generating functional, one simply has to perform traces over flavour matrices.
The extraction procedure is demonstrated in Sects. 5 and 6 by means of the
π+π− → π0π0 scattering amplitude.
2 Lagrangian
The variables of the effective theory are the pion field U(x) ∈ SU(2) and the
photon field Aµ(x). As shown in Ref. [6], the electric charge must be - for
consistency - treated as a quantity of order p in the chiral expansion.
1The formula presented also includes external vector, axial vector, scalar and pseudoscalar
fields.
2
2.1 Leading order
At α 6= 0, the leading order Lagrangian which is consistent with chiral symmetry
becomes [5, 6],
L(2) =
F 2
4
〈dµU+dµU + χ
+U + U+χ〉 −
1
4
FµνFµν
−
1
2a
(∂µAµ)
2 + C〈QRUQLU
+〉, (2.1)
with
Fµν = ∂µAν − ∂νAµ, dµU = ∂µU − iRµU + iULµ, χ = 2B(s+ ip), (2.2)
and
Rµ = vµ +AµQR + aµ,
Lµ = vµ +AµQL − aµ. (2.3)
The symbol 〈. . .〉 denotes the trace in flavour space. The external fields vµ, aµ,
p and s are given by
vµ =
1
2v
01+ vi τ
i
2 , aµ = a
i τ i
2 , (2.4)
s = s01+ siτ i, p = p01+ piτ i,
where τ i denote the Pauli matrices. We restrict ourselves to isovector axial
fields, i.e. we take 〈aµ〉 = 0. For the transformation properties of the external
fields, we refer to [2]. The mass matrix of the two light quarks is contained in
s,
s =M+ · · · , M = diag (mu,md) . (2.5)
To ensure the chiral symmetry of the effective Lagrangian (2.1), the local right–
and left–handed spurions QR and QL transform under SU(2)R × SU(2)L, ac-
cording to
QI = VIQIV
+
I , I = R,L. (2.6)
In the following, we work with a constant charge matrix
QR = QL = Q =
e
3
diag (2,−1) . (2.7)
The quantity a denotes the gauge fixing parameter and the parameters F , B
and C are the three low–energy coupling constants occurring at leading order.
In the chiral limit and in absence of electromagnetic interactions, F coincides
with the pion decay constant, normalized such that Fpi = 92.4MeV [20], while
B is related to the quark condensate. The coupling constant C occurs in the
low–energy expansion of the charged physical pion mass only.
Finally, the matrix U¯ is determined by the equation of motion
dµd
µU¯U¯+ − U¯dµd
µU¯+ + U¯χ+ − χU¯+ −
1
2
〈U¯χ+ − χU¯+〉
+
4C
F 2
(
U¯QU¯+Q−QU¯QU¯+
)
= 0, (2.8)
while the field equations for the photon field A¯µ read
[
gµν✷−
(
1− 1a
)
∂µ∂ν
]
A¯ν +
iF 2
2
〈dµU¯ [U¯
+, Q]〉 = 0. (2.9)
3
2.2 Next-to-leading order
The next-to-leading order Lagrangian reads
L(4) = Lp4 + Lp2e2 + Le4 . (2.10)
The Lagrangian at order p4 was constructed in Refs. [2, 7, 21]2,
Lp4 =
l1
4
〈dµU+dµU〉
2 +
l2
4
〈dµU+dνU〉〈dµU
+dνU〉+
l3
16
〈χ+U + U+χ〉2
+
l4
4
〈dµU+dµχ+ d
µχ+dµU〉+ l5〈RˆµνULˆ
µνU+〉
+
il6
2
〈Rˆµνd
µUdνU+ + Lˆµνd
µU+dνU〉 −
l7
16
〈χ+U − U+χ〉2
+
1
4
(h1 + h3)〈χ
+χ〉+
1
2
(h1 − h3)Re(detχ)
−
1
2
(l5 + 4h2)〈RˆµνRˆ
µν + LˆµνLˆ
µν〉
+
h4
4
〈Rµν + Lµν〉〈R
µν + Lµν〉, (2.11)
with right– and left–handed fields strengths defined as
Rµν = ∂µRν − ∂νRµ − i [Rµ, Rν ] , Rˆµν = Rµν −
1
2
〈Rµν〉,
Lµν = ∂µLν − ∂νLµ − i [Lµ, Lν ] , Lˆµν = Lµν −
1
2
〈Lµν〉. (2.12)
The most general list of counterterms occurring at order p2e2 was given in Refs.
[7, 8],
Lp2e2 = F
2
{
k1〈d
µU+dµU〉〈Q
2〉+ k2〈d
µU+dµU〉〈QUQU
+〉
+k3
(
〈dµU+QU〉〈dµU
+QU〉+ 〈dµUQU+〉〈dµUQU
+〉
)
+k4〈d
µU+QU〉〈dµUQU
+〉+ k5〈χ
+U + U+χ〉〈Q2〉
+k6〈χ
+U + U+χ〉〈QUQU+〉
+k7〈(χU
+ + Uχ+)Q+ (χ+U + U+χ)Q〉〈Q〉
+k8〈(χU
+ − Uχ+)QUQU+ + (χ+U − U+χ)QU+QU〉
+k9〈dµU
+[cµRQ,Q]U + dµU [c
µ
LQ,Q]U
+〉
+k10〈c
µ
RQUcLµQU
+〉+ k11〈c
µ
RQcRµQ+ c
µ
LQcLµQ〉
}
, (2.13)
where
cµI Q = −i[I
µ, Q], I = R,L. (2.14)
In the following we consider the next-to-leading order contributions where at
most one virtual photon is running in a loop. Therefore, we drop the term Le4
in Eq. (2.10), (terms with k12, k13 and k14 in Ref. [7]).
The renormalized couplings are defined by
li = l
r
i + γiλ,
hi = h
r
i + δiλ,
ki = k
r
i + σiλ, (2.15)
2Ref. [7] uses a different convention for the coupling constant h2.
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with
λ =
µd−4
16π2
[
1
d− 4
−
1
2
(ln4π + Γ′(1) + 1)
]
. (2.16)
The coupling constant h4 is finite at d = 4 [21], because the singlet fields 〈vµ〉
and Aµ〈Q〉 do not occur in the leading order Lagrangian (2.1). The coefficients
γi, δi and σi are specified in Refs. [2] and [7].
3 Generating functional at one–loop
To evaluate the one–loop contribution to the generating functional, we expand
U and Aµ around their solutions U¯ = u
2 and A¯µ to the classical equations of
motion,
U = u(1 + iξ − 12ξ
2 + · · · )u, ξ =
1
F
ξiτ i,
Aµ = A¯µ + ǫµ. (3.1)
Collecting the fluctuations in η = (ξ1, . . . , ξ3, ǫ1, . . . , ǫ4), the Euclidean action
can be written as a quadratic form [6, 7],∫
dxEL
(2)
E =
∫
dxEL¯
(2)
E +
1
2
∫
dxEη
ADABE η
B . (3.2)
Here, L¯
(2)
E is evaluated at the solution to the classical equations of motion. The
one–loop functional ZEoneloop then takes the form:
ZEoneloop =
1
2
ln detDE . (3.3)
3.1 Differential operator
In the Feynman gauge a = 1, the Euclidean differential operator is given by
DABE = −(ΣµΣµ)
AB + ΛAB A,B = 1, . . . , 7, (3.4)
with
Σµ = ∂µ1+ Yµ, Yµ =
(
Γikµ X
iρ
µ
Xσkµ 0
)
, Λ =
(
σik 12γ
iρ
1
2γ
σk ρδσρ
)
. (3.5)
The pion field indices i, k run from 1 to 3, while the photon field components
are labeled by Greek letters σ, ρ = 1, . . . , 4.
To renormalize the determinant we work in d 6= 4 dimensions,
σik = −
1
2
〈[∆µ, τ
i][∆µ, τ
k]〉+
1
2
δik〈σ〉 −
dF 2
16
〈H−τ
i〉〈H−τ
k〉
−
C
8F 2
〈[H++H−, τ
i][H+−H−, τ
k] + i↔ k〉,
Γikµ = −
1
2
〈[τ i, τk]Γµ〉,
γiµ = F 〈([H+,∆µ] +
1
2
DµH−)τ
i〉,
X iρµ = −X
ρi
µ = −
F
4
〈H−τ
i〉δρµ,
ρ =
3F 2
8
〈H2
−
〉, (3.6)
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where
DµH− = ∂µH− + [Γµ, H−] ,
Γµ =
1
2
[
u+, ∂µu
]
−
i
2
u+(vµ + A¯µQR + aµ)u
−
i
2
u(vµ + A¯µQL − aµ)u
+, (3.7)
and
∆µ =
1
2
u+dµU¯u
+ = −
1
2
udµU¯
+u,
σ =
1
2
(
u+χu+ + uχ+u
)
,
H+ = u
+QRu+ uQLu
+,
H− = u
+QRu− uQLu
+. (3.8)
In the absence of external fields DE reduces to
D0E =
(
(−∂µ∂µ +M
2
i )δ
ik
−∂µ∂µδ
σρ
)
. (3.9)
The parameters Mi denote the pion masses at leading order
M21 =M
2
2 =M
2
+ = 2Bmˆ+
2Ce2
F 2
, M23 =M
2
0 = 2Bmˆ, (3.10)
with mˆ = (mu +md)/2. The full operator is given by
DE = D0E + δE ,
δE = −{∂µ, Yµ} − YµYµ + Λ¯, (3.11)
where
Λ¯ =
(
σ¯ik 12γ
iρ
1
2γ
σk ρδσρ
)
, σ¯ik = σik −M2i δ
ik. (3.12)
3.2 Expansion in δE
To work out explicitly the one–loop contributions to a given Green function,
we have to expand the determinant of the differential operator in powers of the
external fields. Since δE vanishes if the external fields are switched off, we may
expand ln detDE in powers of δE ,
ZE oneloop =
1
2 ln detD0E +
1
2 〈D
−1
0EδE〉 −
1
4 〈D
−1
0EδED
−1
0EδE〉
+ 16 〈D
−1
0EδED
−1
0EδED
−1
0EδE〉+ · · · . (3.13)
Following the counting scheme used in Refs. [2, 3], the external fields aµ and p
count as O(Φ), whereas v and s−M are of O(Φ2).
In the presence of electromagnetic interactions δE is of O(Φ) rather than O(Φ
2),
since the quantities γ and X count as O(Φ). To achieve an accuracy of O(Φ4),
it is sufficient to stop the expansion in (3.13) at O(δ3E). This is due to the fact
that both, γ and X , are of order e, and their contributions at O(Φ4) are beyond
the precision of our calculation.
6
3.3 Tadpole and unitarity contributions to order Φ4
In the following, we work in Minkowski spacetime. If we add
∫
dx(L¯(2) + L¯(4))
to Zoneloop and renormalize the low–energy couplings according to [2, 7], the
result for the generating functional to O(p4, e2p2) is ultraviolet finite as d→ 4.
At order Φ4, it takes the form, (see figure 1)
Z = Zt + Zu. (3.14)
Explicitly, Zt consists of
Zt = −
1
32π2
M2i ln
M2i
µ2
∫
dx σ¯ii(x) +
1
16π2
M2i
∫
dxYi(x)Yi(x)
+
1
16π2
∫
dx σ¯ik(x)Yk(x)Yi(x)−
1
48π2
∫
dxDµYi(x)D
µYi(x)
+
∫
dx L¯2(x) +
∫
dx L¯r4(x), (3.15)
where the first term contains tadpole contributions, the next three terms are
generated by expanding Zu around d = 4, while the last two terms are tree
graphs. Repeated isospin indices are summed over. The quantity σ¯ik now
corresponds to3
σ¯ik =
1
2
〈[∆µ, τi] [∆
µ, τk]〉+
1
2
δik〈σ〉 −
dF 2
16
〈H−τi〉〈H−τk〉
−
C
8F 2
〈[H++H−, τi] [H+−H−, τk] + i↔ k〉 −M
2
i δik, (3.16)
and
Yi =
F
4
〈H−τi〉, D
µYi = ∂
µYi + Γ
µ
ikYk. (3.17)
The unitarity correction Zu = Zu2 + Zu3 contains one–loop graphs with two
Figure 1: One–loop diagrams: The dots denote polynomials in the classical
fields U¯ , A¯µ, as well as in the external fields vµ, aµ, p and s. The plain line
stands for the pion propagator and the wiggled line describes the photon.
3For further convenience, we specify σ¯ik in d 6= 4 dimensions. However, Eq. (3.15) is both,
ultraviolet and infrared finite as d→ 4.
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vertices,
Zu2 =
∫
dxdy
{
M rµν(x−y,M
2
i ,M
2
k )Γ
µ
ik(x)Γ
ν
ki(y)
+2Mµrµ (x−y,M
2
i , 0)Yi(x)Yi(y)
+Kµ(x−y,M
2
i ,M
2
k ) [Γ
µ
ik(x)σ¯ki(y) + dΓ
µ
ik(x)Yk(y)Yi(y)]
−Kµ(x−y,M
2
i , 0) [Yi(x)γ
µ
i (y) + 2Yi(x)Γ
µ
ik(y)Yk(y)]
+ 14J
r(x−y,M2i ,M
2
k ) [σ¯ik(x)σ¯ki(y) + 2dσ¯ik(x)Yk(y)Yi(y)]
− 18J
r(x−y,M2i , 0) [γ
µ
i (x)γiµ(y) + 4γiµ(x)Γ
µ
ik(y)Yk(y)]
}
, (3.18)
as well as the triangle vertex diagram with two pion and one photon propagator,
Zu3 =
∫
dxdydz
{
1
8T (x−y, y−z,M
2
i ,M
2
k )γ
µ
i (x)σ¯ik(y)γkµ(z)
+ 14T1µ(x−y, y−z,M
2
i ,M
2
k )Yi(x)σ¯ik(y)γ
µ
k (z)
− 14T2µ(x−y, y−z,M
2
i ,M
2
k )γ
µ
i (x)σ¯ik(y)Yk(z)
− 18T3µ(x−y, y−z,M
2
i ,M
2
k )γ
ν
i (x)Γ
µ
ik(y)γkν(z)
+ 14T
r
1µν(x−y, y−z,M
2
i ,M
2
k )Yi(x)Γ
µ
ik(y)γ
ν
k (z)
− 14T
r
2µν(x−y, y−z,M
2
i ,M
2
k )γ
µ
i (x)Γ
ν
ik(y)Yk(z)
+ 12T
µr
3µ (x−y, y−z,M
2
i ,M
2
k )Yi(x)σ¯ik(y)Yk(z)
− 12T
µr
µν (x−y, y−z,M
2
i ,M
2
k )Yi(x)Γ
ν
ik(y)Yk(z)
}
. (3.19)
For the definition of the various kernels, we refer the reader to appendix A. For
non-exceptional momenta, the generating functional (3.15), (3.18) and (3.19)
is finite as d → 4. However, we want to extract on–shell matrix elements
and this leads in general to infrared singularities. We treat these infrared pole
terms using dimensional regularization. Both, the kernels as well as the flavour
matrices are thus written in d 6= 4 dimensions.
In the isospin symmetry limit mu = md and α = 0, our expression agrees with
the explicit one–loop functional of SU(2)× SU(2) in Ref. [2].
The representation for the generating functional, specified in (3.15), (3.18) and
(3.19), contains the one–loop contributions to Green functions in the even in-
trinsic parity sector, formed with the quark currents,
Si = q¯τ iq, S0 = q¯q, P i = q¯iγ5τ
iq, P 0 = q¯iγ5q, (3.20)
and
V iµ =
1
2
q¯γµτ
iq, V 0µ =
1
2
q¯γµq, A
i
µ =
1
2
q¯γµγ5τ
iq. (3.21)
The accuracyO(Φ4) suffices to calculate all two–point functions, the three–point
functions containing one vector or scalar current, as well as the pseudoscalar and
axial four–point functions.
The calculation of form factors or scattering amplitudes from the explicit rep-
resentation of the generating functional (3.15), (3.18) and (3.19) amounts to
perform the traces over the flavour matrices. In Sect. 5, we demonstrate the
extraction procedure by means of the π − π scattering amplitude.
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4 Masses and decay constants
In the following, it is convenient to work in σ-parameterization, i.e. to represent
the matrix U(x) in the form
U(x) =
√
1−
〈φ2〉
2
+ iφ, φ =
1
F
φiτ i, (4.1)
however, all the steps listed are parameterization independent.
4.1 Generating functional at order Φ2
We expand the generating functional in powers of Φ,
Z = const + Z(2) + Z(4) + · · · , (4.2)
where the pion field φ¯ counts as O(Φ) and the photon field A¯µ is of order Φ
2.
This can be seen by solving the equations of motion (2.8) and (2.9) to first
and second order in Φ, respectively. The field equations for the pion field are
discussed in subsection 5.1.
In the presence of electromagnetic interactions, the quadratic term Z(2) contains
non-local contributions coming from Zu2 . If we expand their Fourier transform
around the physical pion masses Mpii , we arrive at
Z(2)
(
p, aµ, φ¯
)
=
∫
dx−
1
2
Z−1i φ¯
i
(
✷+M2pii
)
φ¯i + Z
−
1
2
i Fpii∂
µaiµφ¯
i
+Z
−
1
2
i Gpiip
iφ¯i + Z
−
1
2
3 G˜pip
0φ¯3(x) + · · · . (4.3)
The ellipsis stands for terms which do not contribute to the residue of the pole
in the axial or pseudoscalar two–point functions.
The scaling factors Z0 = Z3 and Z+ = Z1 = Z2 are given by
Z0 = 1−
20e2
9
[
kr1 + k
r
2 +
9
10
(kr4 − 2k
r
3)
]
+
M2+
8π2F 2
ln
M2+
µ2
,
Z+ = 1 + 4e
2λIR −
20e2
9
(kr1 + k
r
2)
+
1
16π2F 2
[
M2+ln
M2+
µ2
+M20 ln
M20
µ2
]
. (4.4)
We used dimensional regularization to treat the infrared singularity,
λIR =
µd−4
16π2
[
1
d− 4
−
1
2
(ln4π + Γ′(1) + 1)
]
. (4.5)
Note that the scaling factors Z0 and Z+ are parameterization independent, since
unitarity determines the expansion of the field U to O(Φ2).
4.2 Physical masses
We choose the charged pion mass as normalization point [22]. In the isospin-
symmetry limit mu = md and α = 0, the position of the pole in the correlator of
9
two axial currents is identified with the charged pion mass. The physical masses
then read at next-to-leading order4,
M2pi+ = M
2
+ +M
2
pi+
{
e2
4π2
−
M2pi+ − 4e
2F 2Z
32π2F 2
l¯3 +
e2
32π2
[(
3 + 4Z9
)
k¯1 −
40Z
9 k¯2
− 19 (5 + 4Z) k¯5 +
23
9 (1 + 8Z) k¯6 + (1− 8Z) k¯8
]
+
4e2
9
k7
−
M2pi+ − 4e
2F 2Z
32π2F 2
ln
M2pi+
M2pi0
}
−
4e2B(md −mu)
3
k7 +O(e
4, p6), (4.6)
and
∆pi =M
2
pi+ −M
2
pi0 =
2e2F 2Z +
M2pi+
32π2
{
e2
[
8 + 3k¯3 + 4Zk¯4 + 2 (1 + 8Z) k¯6 + (1− 8Z) k¯8
]
−
2
F 2
(M2pi+ − 4e
2F 2Z)ln
M2pi+
M2pi0
}
+
2B2(md −mu)
2
F 2
l7 +O(e
4, p6), (4.7)
with Z
.
= C/F 4. The scale independent low–energy constants l¯i and k¯i are
defined by
lri =
γi
32π2
(
l¯i + ln
M2pi+
µ2
)
, kri =
σi
32π2
(
k¯i + ln
M2pi+
µ2
)
. (4.8)
4.3 Coupling constants Fpi and Gpi at α 6= 0
The quantities Fpii and Gpii are the coupling constants of the isovector axial and
pseudoscalar currents to the pion,
〈0 | Aiµ |π
k〉 = ipµδ
ikFpii , 〈0 | P
i |πk〉 = δikGpii , (4.9)
while G˜pi stands for the one-particle matrix element of the isoscalar density,
〈0 | P 0 |π3〉 = G˜pi. (4.10)
The coupling constants Fpii , Gpii and G˜pi are given explicitly in appendix C.
For a constant charge matrix Q the generating functional is invariant under the
subgroup of SU(2)R × SU(2)L transformations
VR = exp(iaτ
3), VL = exp(ibτ
3). (4.11)
This implies in particular that the relation,
Fpi0M
2
pi0 = mˆGpi0 +
mu −md
2
G˜pi , (4.12)
holds at α 6= 0. We checked that the explicit expressions for M2pi0 , Fpi0 , Gpi0 and
G˜pi satisfy this relation to order p
4, p2e2.
4The coefficient of (md−mu) k7 differs by a factor
1
2
from the corresponding term obtained
in Ref. [7].
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5 Extracting the pi+pi− → pi0pi0 amplitude from
the generating functional
To extract the scattering amplitude from the generating functional, we may
concentrate on the pseudoscalar four–point function. The external fields aµ, vµ
and p0 are switched off and the scalar field s is set to M. We may even switch
A¯µ off, because there are no one-photon exchange contributions to π
+π− → π0π0
at tree level. Now Z = Z(pi, φ¯) is a functional of pi only, depending on pi both
explicitly and implicitly through the equation of motion (2.8).
The pseudoscalar four–point function is given by the coefficient of pi1 , . . . , pi4
in the expansion of Z(pi, φ¯) in powers of Φ.
5.1 Equation of motion
The solution of the equation of motion (2.8) represents a power series in Φ,
φ¯ = φ(1) + φ(3) + · · · . (5.1)
To order Φ4, only the leading order term gives a contribution to the action.
Explicitly, φ(1) reads
φ(1)i(x) = 2BF
∫
dy∆i(x− y)p
i(y), (5.2)
where ∆i stands for the Feynman propagator of a pion with mass Mi. Since
φ¯ represents an extremum of the action
∫
dxL(2), the classical solution may be
replaced with the extremum of (4.3),
φˆi(x) = Z
1
2
i Gpii
∫
dy∆pii(x− y)p
i(y) +O(Φ3),
φˆ(x) = φ¯(x) +O(p2), (5.3)
where ∆pii denotes the Feynman propagator with physical mass Mpii . The shift
φ¯→ φˆ affects the classical action at order p6 only,∫
dxL(2){φˆ} =
∫
dxL(2){φ¯}+O(p6), (5.4)
which is beyond one–loop accuracy.
5.2 Recipe
We may determine the scattering matrix element from the on–shell residue of the
fourfold pole in the Fourier transform of the pseudoscalar four–point function,
i4
∫
dx1 . . . dx4e
i(p3x3+p4x4−p1x1−p2x2)〈0 | TP i(x1)P
k(x2)P
l(x3)P
m(x4) |0〉
=
GpiiGpikGpilGpim
(M2pii − p
2
1) . . . (M
2
pim − p
2
4)
〈πl(p3)π
m(p4)out |π
i(p1)π
k(p2)in〉c + · · · . (5.5)
The amplitude is related to the connected part of the matrix element through
〈πl(p3)π
m(p4)out |π
i(p1)π
k(p2)in〉c = i(2π)
4δ4(p1+p2−p3−p4)A
ik;lm(s, t, u). (5.6)
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Subsequently, we present a simple recipe to extract the π1π1 → π3π3 amplitude
from the explicit representation of the generating functional (3.15), (3.18) and
(3.19):
- Switch all explicit external fields off, including the field pi. Now the gen-
erating functional Z = Z(0, φˆ) depends on φˆ only.
- Perform the traces over the flavour matrices σ, ΓµΓν , γµγ
µ, . . .
- The pion fields are rescaled, according to φri = Z
−
1
2
i φˆ
i. This step brings
the quadratic terms (4.3) to normal form.
- The scattering matrix element may be read off from the terms of order
(φr1)2(φr3)2. These contributions generate the on-shell fourfold pole in
Eq. (5.5).
6 pi+pi− → pi0pi0 scattering amplitude
As a check, we calculated the π+π− → π0π0 amplitude to O(p4, e2p2) from
(3.15), (3.18) and (3.19). We compared the thus obtained expression with the
result of Knecht and Urech [7], who used a photon mass as an infrared regulator.
Upon identifying the infrared pole term in dimensional regularization with
λIR = −
1
32π2
(
1 + ln
m2γ
µ2
)
, (6.1)
the two results are in agreement.
6.1 Infrared singularities
The on–shell matrix element contains infrared singularities generated by virtual
photon contributions. Since we used dimensional regularization to treat the
infrared pole terms, the amplitude is well defined in d 6= 4 only. The essential
loop function, which develops an infrared singularity as d → 4, is the scalar
triangle diagram Gd(s) with one photon and two charged on–shell pion propa-
gators. A discussion of the analytic properties of Gd(s), as well as an explicit
representation of this function, is given in appendix B.
Expanding the amplitude around threshold s = 4M2pi+ leads to
ReA+−00 = −
e2
16F 2
Mpi+
|q|
(
3M2pi+ +∆pi
)
+ReA+−00thr +O(|q|), (6.2)
in the Condon-Shortley phase conventions. Here, q denotes the relative 3-
momentum of the charged pions and the Coulomb pole stems from the infrared
region of the scalar triangle diagram (B.5). The quantity ReA+−00thr is free of
infrared singularities.
6.2 Amplitude at threshold
We may now expand ReA+−00thr in powers of the isospin breaking parameter δ,
α
.
=
e2
4π
= O(δ), (md −mu)
2 = O(δ), (6.3)
12
according to
−
3
32π
ReA+−00thr = a0 − a2 + h1(md −mu)
2 + h2α+O(δ
3/2). (6.4)
The combination a0 − a2 denotes the S-wave scattering length difference in the
isospin symmetry limit mu = md, α = 0 [2],
a0 − a2 =
9M2pi+
32πF 2
[
1 +
M2pi+
288π2F 2
(
33 + 8l¯1 + 16l¯2 − 3l¯3
)]
+O(mˆ3). (6.5)
The coefficients h1 and h2 of the isospin breaking contributions are given by
[22, 23],
h1 = O(mˆ),
h2 =
3∆e.m.pi
32παF 2
[
1 +
M2pi+
12π2F 2
(
23
8
+ l¯1 +
3
4
l¯3
)]
+
3M2pi+
256π2F 2
p(ki) +O(mˆ
2), (6.6)
where ∆e.m.pi denotes the physical mass difference at mu = md,
∆e.m.pi = ∆pi
∣∣
mu=md
, (6.7)
and p(ki) stands for the following combination of low–energy constants
p(ki) = −30+9k¯1+6k¯3+2k¯6+ k¯8+
4Z
3
(
k¯1 + 2k¯2 + 6k¯4 + 12k¯6 − 6k¯8
)
. (6.8)
7 Summary and Outlook
In the present paper we constructed an explicit representation of the generating
functional for SU(2)R×SU(2)L×U(1)V with virtual photons at first non-leading
order in the low–energy expansion [O(p4, e2p2)]. The explicit form includes
graphs, where up to two pions and at most one photon are running in the loop.
It has been shown in [7] that the ultraviolet divergences of the one–loop func-
tional are absorbed by the corresponding counterterms of O(p4, e2p2). For non-
exceptional 4-momenta the generating functional is thus finite as d→ 4. Never-
theless, if we want to extract on–shell matrix elements, we encounter in general
infrared singularities, generated by soft photon contributions. We use dimen-
sional regularization to treat these infrared pole terms and therefore specify the
explicit form of the generating functional in d 6= 4 dimensions.
As a check of the one–loop functional, we evaluated the π+π− → π0π0 scattering
amplitude at order p4, e2p2. The thus obtained result agrees with the one in
Ref. [7].
Furthermore, we specify the electromagnetic corrections to the decay constants
Fpi and Gpi, which measure the one-particle matrix elements of the isovector
axial and pseudoscalar currents.
The extension to SU(3)R× SU(3)L is in progress [19]. It will provide a compar-
ison with the π −K amplitudes already available in the literature [18].
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A Kernels
Here, we explain the notation used in subsection 3.3. We consider the Fourier
transforms (s = p2)
Kµ(p,M
2
i ,M
2
k ) =
∫
ddzeipzKµ(z,M
2
i ,M
2
k ),
M rµν(p,M
2
i ,M
2
k ) =
∫
ddzeipzM rµν(z,M
2
i ,M
2
k ). (A.1)
The kernel Kµ remains ultraviolet finite as d→ 4,
Kµ(p,M
2
i ,M
2
k ) =
ipµ
2
M2i −M
2
k
s
J¯(s,M2i ,M
2
k ), (A.2)
where J¯(s) = J(s)− J(0) and
J(s,M2i ,M
2
k ) =
1
i
∫
ddq
(2π)d
1
(M2i − q
2)(M2k − (p− q)
2)
. (A.3)
The renormalized kernel M rµν reads:
M rµν(p,M
2
i ,M
2
k ) = −(pµpν − gµνs)M
r(s,M2i ,M
2
k )− gµνL(s,M
2
i ,M
2
k ), (A.4)
with
M r(s,M2i ,M
2
k ) =
1
4(d− 1)s
{[
s− 2(M2i +M
2
k )
]
J¯(s,M2i ,M
2
k )
+
d
s
(M2i −M
2
k )
2J¯(s,M2i ,M
2
k )
}
−
1
6
k(M2i ,M
2
k ) +
1
288π2
,
L(s,M2i ,M
2
k ) =
1
4s
(M2i −M
2
k )
2J¯(s,M2i ,M
2
k ), (A.5)
and
J¯(s) = J¯(s)− sJ¯ ′(0),
k(M2i ,M
2
k ) =
1
32π2(M2i −M
2
k )
[
M2i ln
M2i
µ2
−M2k ln
M2k
µ2
]
. (A.6)
We list the ultraviolet finite kernels Kµ and M
r
µν in d 6= 4 dimensions, because
we encounter an infrared singularity, if we expand the charged pion self-energy
around its physical mass. This pole term, which comes from J¯ ′(M2pi+ ,M
2
pi+ , 0),
leads to an infrared divergent scaling factor Z+ in Eq. (4.4).
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Furthermore, we introduce the Fourier transform
T (p1, p2) =
∫
ddu ddv eip1ueip2vT (u, v), (A.7)
and similarly for the other kernels Tiµ, Tiµν and T
µ
µν in Eq. (3.19). Then we
have
T (p1, p2) = I,
T1µ(p1, p2) = ip1µI − 2iIµ,
T2µ(p1, p2) = ip2µI − 2iIµ,
T3µ(p1, p2) = i(p1 + p2)µI − 2iIµ,
T1µν(p1, p2) = 4Iµν − 2(p1 + p2)µIν − 2p1νIµ + (p1 + p2)µp1νI,
T2µν(p1, p2) = 4Iµν − 2(p1 + p2)νIµ − 2p2µIν + p2µ(p1 + p2)νI,
T3µν(p1, p2) = 4Iµν − 2p1µIν − 2p2νIµ + p1µp2νI,
T µµν(p1, p2) = i
{
−8Iµµν + 4(p1 + p2)
µIµν + 4(p1 + p2)νI
µ
µ − 2(p1 · p2)Iν
−2(p1 + p2)µ(p1 + p2)νI
µ + (p1 · p2)(p1 + p2)νI} , (A.8)
with
{I, Iµ, Iµν , Iµνρ} =
1
i
∫
ddk
(2π)d
{1, kµ, kµkν , kµkνkρ}
(M2i − (p1 − k)
2)(M2k − (p2 − k)
2)(−k2)
. (A.9)
The integrals I and Iµ are ultraviolet finite, but I develops an infrared singular-
ity for on–shell 4-momenta (see appendix B). The functions Iµν and Iµνρ have
ultraviolet poles at d = 4:
Tiµν(p1, p2) = T
r
iµν(p1, p2) + 2gµνλ i = 1, . . . , 3,
T µµν(p1, p2) = T
µr
µν (p1, p2) +
2
3 iλ(d− 1)(p1 + p2)ν . (A.10)
For non-exceptional 4-momenta the renormalized quantities T riµν and T
µr
µν re-
main finite as d→ 4.
B Scalar vertex function
The scalar vertex function Gd(s) is given by
Gd(s) =
1
i
∫
ddk
(2π)d
1
M2pi+ − (p1 − k)
2
1
M2pi+ − (p2 + k)
2
1
−k2
, (B.1)
where p1, p2 denote the on–shell 4-momenta of the incoming π
+, π− mesons and
s = (p1+p2)
2. The vertex function is ultraviolet finite, but develops an infrared
singularity at d = 4. (At p2i 6=M
2
pi+ , the singularity would be absent).
For s ≥ 4M2pi+ , the function has a cut along the positive real axis. Expanding
the vertex function in d− 4 for arbitrary s ≥ 4M2pi+ yields
Gd(s) =
1
32π2sσ
{
2π2 + 4Li
1 + σ
1− σ
+
(
ln
1 + σ
1− σ
)2
−2ln
1 + σ
1− σ
(
1 + 32π2λIR + ln
M2pi+
µ2
)}
+
i
16πsσ
(
1 + 32π2λIR + ln
sσ2
µ2
)
+O(d− 4), (B.2)
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✻
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Figure 2: Two different paths to approach to threshold. The shaded region is
excluded since the integral Gd does converge for d > 4 only.
with
σ =
√
1−
4M2pi+
s
, (B.3)
and
Li(z)
.
= Li2(1− z) =
∫ z
1
du
lnu
1− u
. (B.4)
If we expand (B.2) near threshold s = 4M2pi+ + 4q
2, which corresponds to path
a in Fig. 2, we find
Gd(s) =
1
64M2pi+
{
Mpi+
|q|
−
2
π2
(
3 + 32π2λIR + ln
M2pi+
µ2
)
−
|q|
2Mpi+
+
i
π
(
Mpi+
|q|
−
|q|
2Mpi+
)(
1 + 32π2λIR + ln
4q2
µ2
)}
+O(d− 4) +O(q2), (B.5)
where q denotes the relative momentum of the incoming pions in the CM frame.
The singular contributions ∼ 1/|q| are generated by small values of the variable
of integration k in (B.1).
On the contrary, if we first evaluate the vertex function at threshold in d 6= 4
dimensions
Gd(4M
2
pi+) =
Cd
M2pi+
1
(d− 4)(d− 5)
Md−4pi+ , Cd =
1
(4π)
d
2
Γ(3 −
d
2
), (B.6)
and then expand in d− 4, i.e we choose path b in Fig. 2
Gd(4M
2
pi+) = −
1
M2pi+
[
λIR +
1
32π2
(
3 + ln
M2pi+
µ2
)]
+O(d− 4), (B.7)
we are left with the constant term in Eq. (B.5).
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C Coupling constants Fpi and Gpi
In presence of electromagnetic interactions the coupling constants of the isovec-
tor axial and pseudoscalar currents to the pion are given by5,
Fpi+ = Fpi + F
{
2e2
[
λIR +
1
32π2
(
ln
M2pi+
µ2
− 2
)]
−
e2Z
8π2
l¯4
−
e2
64π2
[(
3 + 4Z9
)
k¯1 −
40Z
9 k¯2 − k¯9
]
+
M2pi+ − 2Ze
2F 2
32π2F 2
ln
M2pi+
M2pi0
+O(e2mq)
}
,
Fpi0 = Fpi − F
{
e2Z
8π2
l¯4 +
e2
64π2
[(
3 + 4Z9
)
k¯1 −
40Z
9 k¯2
−3k¯3 − 4Zk¯4
]
+O(e2mq)
}
, (C.1)
and
Gpi+ = Gpi + 2BF
{
2e2
(
λIR +
1
32π2
ln
M2pi+
µ2
)
+
e2Z
16π2
l¯3
+
e2
64π2
[(
3 + 4Z9
)
k¯1 −
40Z
9 k¯2 −
2
9 (5 + 4Z) k¯5
+ 109 (1 + 8Z) k¯6 + (1− 8Z) k¯8
]
+
4e2
9
k7 +O(e
2mq)
}
,
Gpi0 = Gpi + 2BF
{
e2Z
16π2
(
l¯3 − 2l¯4
)
+
e2
64π2
[(
3 + 4Z9
)
k¯1 −
40Z
9 k¯2
−3k¯3 − 4Zk¯4 −
2
9 (5 + 4Z) k¯5 +
10
9 (1 + 8Z) k¯6
]
+
4e2
9
k7
+
M2pi+ − 2e
2F 2Z
32π2F 2
ln
M2pi+
M2pi0
+O(e2mq)
}
. (C.2)
The quantities Fpi and Gpi denote the coupling constants at α = 0 and mu = md
[2],
Fpi = F
[
1 +
M2pi+
16π2F 2
l¯4 +O(m
2
q)
]
,
Gpi = 2BF
[
1−
M2pi+
32π2F 2
(
l¯3 − 2l¯4
)
+O(m2q)
]
. (C.3)
Due to the infrared pole term, Fpi+ and Gpi+ are well defined in d 6= 4 dimensions
only.
The coupling constant of the isoscalar P 0 to the pion is of O((md −mu), e
2)
G˜pi =
4B2(md −mu)
F
l7 +
8BFe2
3
k7. (C.4)
5The coefficient of
∑
cik¯i in Fpi0 differs by a factor 1/2 from the corresponding expression
in Ref. [7].
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